2 Calculation-graphical work №2. Differential equations
Purpose: master the fundamental concepts and methods of the theory of differential equations. Get problem solving skills for differential equations.


2.1 Theoretical questions
1 Equations with separable variables. Method for solving these equations.
2 Linear inhomogeneous equations. The method of variation of arbitrary constants.
3 Equations in total differentials. Solution Method.
4 Linear homogeneous differential equations with constant coefficients. Characteristic equation. The structure of the general solution.
5 Vronskian. Linear dependence and independence of functions.
6 Normal system of differential equations. Characteristic equation for a system of differential equations.
7 Numerical series. Convergence and sum of a series. Necessary condition for convergence.
8 Series with positive terms. Signs of comparison, d'Alembert's test.
9 Series with positive terms. Cauchy's radical and integral tests.
10 Power series. Abel's theorem. The radius of convergence. Convergence interval.
11 Taylor series. Decomposition of a function in Taylor series.

10

12 Maclaurin series for functions

ex, cos x, sin x .

13 Fourier series. Decomposition of functions in Fourier series. Dirichlet theorem.
14 Fourier series for functions on an arbitrary interval. The coefficients of the Fourier series.

2.2 Calculated tasks
Task 1. Check whether the specified function is the solution of the differential equation (in this task C is an arbitrary constant).
	№
	Function	y = f(x)
	Equation

	1.1
		 1 
y  x 2 1  ce x 
	
	
	x2 y  1  2xy  x2

	1.2
	y  xecx
	yx  1 ln y  ln xy

	1.3
	y 	cx  1
x 1
	y  xy  1 x2 y

	1.4
	y  1 ceex 2
	y  2ex y  2ex	y



	1.5
	y  cx  e x
	xy  y  ex  0

	1.6
	y   2  cx
1 2x
	21 x2 y y  xy

	1.7
	tg x
y  ce 2
	ysin x  y ln y

	1.8
	y  c	x2 1
	x2 1y  xy  0

	1.9
	 3
y  cx2e x
	x2 y  2xy  3y

	1.10
	y  ce2x  2x 1
	y  2 y  4x

	1.11
	1
y  cx2e x  x2
	y  1  2x y  1
x 2

	1.12
	 x2 	x	
2
y  e	 c 	
	2 
	y  2xy  xex2

	1.13
	y  x  c1  x2 
	1  x2 y  2xy  1  x2 2

	1.14
	y  cx 2  1
x
	x2dy  3  2xydx  0

	1.15
	y  ce2x
	y  2 y  0

	1.16
	y  x  ce x
	y  y  ex

	1.17
	y  c	x2 1
	x2 1y  xy  0

	1.18
	y  x2 1 ce1/ x 
	x2 y  1 2xy  x2

	1.19
	y  cx  1
c
	xy  y  1  0
y

	1.20
	y  c sin x  2
	sin xy  y cos x  2 cos x

	1.21
	y 	x2  c
	yy  x

	1.22
	y   2  cx
1  2x
	21 x 2 y x  xy

	1.23
	y

e x   cy
	xyy  y2  x2 y

	1.24
	y  c	x2 1
	x2 1y  xy  0

	1.25
	y 		2x 1 cx 2
		y 2		y y 		
x 2	x

	1.26
	y  (c  x)ex
	y  2 y  y  0



	1.27
	y  cos x  C  sin x
	y  y  0

	1.28
	y  1 (x  C)3
12
	( y)2  y

	1.29
	y  1 x3  Cx2
3
	y  y  x x

	1.30
	y  C cos x  sin x
	y  y  0



Task 2. Find the general solution (general integral) of a differential equation.
	№
	Task
	№
	Task

	2.1
	xdy  ydx  0
	2.2
	(x  1)dy  ydx  0

	2.3
	xdy 	ydx  0
	2.4
	(x2 1)dy  dx  0

	2.5
	x3dy 	xydx  0
	2.6
	1  xdy  ydx  0

	2.7
	x 2 dy  ydx  0
	2.8
	xy2 dy  x 3 ydx  0

	2.9
	xydy  dx  0
	2.10
	xdy  ydx  0

	2.11
	x	ydy  dx  0
	2.12
	xdy  ydx  0

	2.13
	xydy  ydx  0
	2.14
	xdy  (1  y 2 )dx  0

	2.15
	xdy  y 2 dx  0
	2.16
	xdy 	y 2  1dx  0

	2.17
	dy 	xydx  0
	2.18
	(x  2) 2 dy  ydx  0

	2.19
	xdy  x 2 ydx  0
	2.20
	(1  x 2 )dy  dx  0

	2.21
	ydy 	ydx  0
	2.22
	1  x2 dy  ydx  0

	2.23
	dy  x  ydx  0
	2.24
	xdy  (1  y 2 )dx  0

	2.25
	y 2dy  xydx  0
	2.26
	x 2  1dy  ydx  0

	2.27
	x3dy 	ydx  0
	2.28
	ydy 	1  y 2 dx  0

	2.29
	y3dy  x	ydx  0
	2.30
	dy 	1  y 2 dx  0



Task 3. Find the solution of the Cauchy problem and construct the corresponding integral curve.
	№
	Задание
	№
	Задание
	№
	Задание

	3.1
	y  2 y, y0 3
	3.2
	y   y, y0 2
	3.3
	y  y, y0 2

	3.4
	y   y, y0 3
	3.5
	y  2 y, y0 7
	3.6
	y   3y, y0 1

	3.7
	y  2y, y0 5
	3.8
	y   3y, y0 1
	3.9
	y  1 y, y0 1
2



	3.10
	y  1 y, y0 4
2
	3.11
	y  1 y, y0 4
3
	3.12
	y  3y, y 1 2

	3.13
	y  y, y1 2
	3.14
	y  y, y 1 2
	3.15
	y   y, y1 2

	3.16
	y 3y, y1 2
	3.17
	y   y, y1 2
	3.18
	y  y, y1 2

	3.19
	y   y, y3 2
	3.20
	y  y, yln 3 4
	3.21
	y  y, y1 2

	3.22
	y  k  y, y0 y0
	3.23
	y  k  y,
yx0  y0
	3.24
	y  y,
y 3 2

	3.25
	y   y, yln 2 1
	3.26
	y  1 y, y0 4
4
	3.27
	y   4 y,
y1 2  e4

	3.28
	y   2 y,
y1 2  e2
	3.29
	y  2 y, y ln 2 1
	3.30
	y  5 y,
y1 2  e5



Task 4. Find the solution of the Cauchy problem.
	№
	Task
	№
	Task

	4.1
	y  xy2, y0 1
	4.2
	y (x  3) y2, y0 1

	4.3
	y (x  1) y2, y0 0
	4.4
	y (2x  3) y2, y1 2

	4.5
	(2  x) y  y2, y1 2
	4.6
	(x  2) y  y2, y1 3

	4.7
	y  (1  x) y2, y1 4
	4.8
	(2x  1) y  y2, y0 1

	4.9
	(x  5) y  y2, y0 2
	4.10
	y  4xy2, y2 5

	4.11
	y  3xy2, y2 3
	4.12
	(x  5) y  y2, y1 4

	4.13
	y  2x(1  y2 ), y0 3
	4.14
	y(х  1)  3y2, y0 1

	4.15
	y  хy3, y0 2
	4.16
	y   y 3 , y0 4

	4.17
	y  х , y1 1
y2
	4.18
	y  3x , y0 1
y2

	4.19
	y 1  y2, y0 1
	4.20
	y  4  y2, y1  2

	4.21
	y  y 2  1, y0 1
	4.22
	x2 y  y2 1, y1 2

	4.23
	xy  y2 1, y2 2
	4.24
	y 1  y 2 , y0 1

	4.25
	y 1  y 2 , y0 2
	4.26
	y   2xy  ,	y(0)  1 1  y2



	4.27
	y  (3  x) y2,	y0  1
	4.28
	y  x ,	y(0)  2
y

	4.29
	y 		3xy , y(0)  1 4  y2
	4.30
	y(x  1) 		3y ,	y(0)  1 4  y



Task 5. Find the solution of the Cauchy problem.
	№
	Task
	№
	Task

	5.1
	y  y  x3 , y1  0
x
	5.2
	y  y 
x
	x, y4  2

	5.3
	y  y  1 , y1  1
x	3 x
	5.4
	y  y  x, y 1  1
x

	5.5
	y  y 
x
	x, y4  1
	5.6
	y  y  ex , y1  0
x

	5.7
	y  y 
x
	2	, y1  0
1  x 2
	5.8
	y  2xy  e x2 , x, y0  1

	5.9
	y  2xy  ex2 , y1  2
	5.10
	y  2xy  e x2 , y1  2

	5.11
	y  2xy  x,  y0  1
	5.12
	y  2xy  2x,  y0  2

	5.13
	y  y  cos x, y   0
x
	5.14
	y  y  ln x, ye  1
x

	5.15
	y  2 y  x, y1  1
x
	5.16
	y  2 y  1, y2  2
x

	5.17
	y  2 y  3 x, y8  1
x
	5.18
	y  2 y 
x
	x, y4  0

	5.19
	y  2 y  cos2x , y    0
x	x 2	 2 
	
	5.20
	y  2xy  x, y0  1

	5.21
	y  y  3 x, y8  1
x
	5.22
	y  y  x 2ex , y1  1
x

	5.23
	y  2xy  x, y0  1
	5.24
	y  2xy  x 2ex2 , y1  2

	5.25
	y  2xy  xe x2 , y0  2
	5.26
	y  y   2 , y1  1
x	x2

	5.27
	y  y cos x  sin 2x, y0  1
	5.28
	y  4xy  4x3, y0  1
2

	5.29
	y  y  3x, y1  1
x
	5.30
	y  y  sin x, y   1
x	



Task 6. Find the general solution of the Bernoulli equation.
	№
	Task
	№
	Task
	№
	Task



	6.1
	y  y  xy2
	6.2
	y  2 y  xy3
	6.3
	y  y  xy 2

	6.4
	y  y  x	y
	6.5
	y  y  x	y
	6.6
	y  2 y  xy3

	6.7
	y  y  x2 y 2
	6.8
	y  2 y  x2 y 2
	6.9
	y  y  x2 y 2

	6.10
	y  y  2xy 2
	6.11
	y  y  2xy3
	6.12
	y  2 y  x2 y 2

	6.13
	y  1 y  xy2
3
	6.14
	y  2 y  2xy 2
	6.15
	y  2 y  1 xy2
2

	6.16
	y  1 y  y 2
x
	6.17
	y   2 y  y 2
x
	6.18
	y  1 y  y 2
x

	6.19
	y  2 y  y 2
x
	6.20
	y  3y  xy 2
	6.21
	y  3y  xy3

	6.22
	y  2 y  y 2ex
	6.23
	y  2 y  y2e2x
	6.24
	y  3y  x
y

	6.25
	y  2 y  y2e5x
	6.26
	y  4 y  2 x
y
	6.27
	y  2 y  y 2ex

	6.28
	y  2 y  2 y2
x
	6.29
	y  1 y  xy2
4
	6.30
	y  2 y  xy2


Task 7.	Find the general integral of the differential equation in total differentials.
	№
	Task

	7.1
	3x2eydx  x3ey 1dy  0

	7.2
		2	2	2x 	2x	2x
3x		cos	dx 	cos	dy  0
	y	y 	y 2	y
			

	7.3
	3x 2  4 y 2 dx  8xy  e y dy  0

	7.4
	 2x  1 	y  dx   2 y  1  dy  0
	2 		x 
	x			
			

	7.5
	y 2  y sec 2 x dx  2xy  tgx dy  0
			

	7.6
	3x 2 y  2 y  3 dx  x3  2x  3y 2 dy  0

	
7.7
		x	1	1 		y	1	x 
 			 dx   			 dy  0
	x2  y2	x	y 		x2  y2	y	y 2 
			

	7.8
	sin 2x  2 cosx  ydx  2 cosx  ydy  0
			

	7.9
	xy2  x / y2 dx  x2 y  x2 / 2 y3 dy  0



	7.10
	 1	3y 2 	2 y
 		 dx 	dy  0
 x 2	x 4 	x3
	

	7.11
	y cos y dx   1 cos y  2 y dy  0
x 2	x	 x	x	
	

	7.12
	y dx  xy  1 dy  0
x 2	x

	7.13
	1  xy dx  1  xy dy  0
x 2	xy 2

	7.14
	dx  x  y 2
	
dy  0
y	y 2

	
7.15
		x			y	
	 y dx   x 	dy  0
	x 2  y 2			x 2  y 2 
			

	7.16
	 xe x  y dx  1 dy  0
	
	
	x 2 	x

	7.17
		1			2	x cos y	2	3 
10xy 	dx  5x		 y  sin y dy  0
	sin y 		sin 2 y	
	

	7.18
		y	x 		2	x cos y	2	3 
	 e dx  5x		 y	sin y dy  0
 x 2  y 2			sin 2 y	
			
	

	7.19
	e y dx  cos y  xe y dy  0
			

	7.20
	y 3  cos x dx  3xy 2  e y dy  0
	

	7.21
	xe y2 dx  x 2 y e y2  tg 2 y dy  0
			

	7.22
	5xy 2  x 3 dx  5x 2 y  y dy  0
					

	7.23
	cos x  y 2  sin x dx  2 y cos x  y 2 dy  0
			

	7.24
	x 2  4xy  2 y 2 dx  y 2  4xy  2x 2 dy  0

	7.25
		1 		1 
sin y  y sin x 	dx   x cos y  cos x 	dy  0
	x 		y 

	7.26
		1	x / y 		x	x / y 
1 	e	dx  1 	e	dy  0
	y			y 2	
	

	7.27
		1	x 		x	y 
1 	e  dx  1 	e	dy  0
	y			y 2	
			

	7.28
	2 3xy 2  2x3 dx  3 2x 2 y  y 2 dy  0



	7.29
	3x3  6x 2 y  3xy 2 dx  2x3  3x 2 ydy  0

	7.30
	xy 2dx  yx 2  y 2 dy  0




Task 8. Find the general solution of a differential equation.
	№
	Task
	№
	Task
	№
	Task

	8.1
	y  sin 2x
	8.2
	y  e2x
	8.3
	y  xe x

	8.4
	y 	1
3 x
	8.5
	y    1	
1  x2
	8.6
	y  cos 7x

	8.7
	y  xex
	8.8
	3 x2  1
y 
x
	8.9
	y  cos 2 x

	8.10
	y  sin 2 2x
	8.11
	y 		1 1  x
	8.12
	y 	x
x  13

	8.13
	y  ex  ex 2
	8.14
	 x
y  1  e 2
	8.15
	 x
y  1  e 2

	8.16
	y  sin x  cos x
2	2
	8.17
	y 	1
cos2 x
	8.18
	y 	x1  x2

	8.19
	y  sin x  cos x
	8.20
	y 	1
sin 2 x
	8.21
	y  	1
1  x2

	8.22
	y 	1
cos2 2x
	8.23
	y  cos 2 x
	8.24
	y 	1
2x  1

	8.25
	y  x  1
x3
	8.26
	y  2 x
	8.27
	y  sin 4x

	8.28
	y  2  x3
	8.29
	y  sin x  cos2 x
	8.30
	y  3e2x


Task 9. Find the general solution of a differential equation.
	№
	Equation
	№
	Equation
	№
	Equation

	9.1
	yx ln x  y
	9.2
	xy  y  1
	9.3
	2xy  y

	9.4
	xy  y  x  1
	9.5
	 y   y     1 
ctgx	sin x
	9.6
	x  y  y   1
x

	9.7
	yctg2x  2 y  0
	9.8
	x3 y  x2 y  1
	9.9
	tgx  y  2 y

	9.10
	ycth2x  2 y
	9.11
	x4 y  x3 y  1
	9.12
	xy  2 y  0

	9.13
	1 x2 y  2xy  x3
	9.14
	x5 y  x4 y  1
	9.15
	x2 y  xy  1

	9.16
	xy  y  x  0
	9.17
	ythx  y
	9.18
	xy  y 	x



	9.19
	ytgx  y  1
	9.20
	ytg5x  5 y
	9.21
	yth7x  7 y

	9.22
	x3 y  x 2 y 	x
	9.23
	1 xy  y  x 1
	9.24
	1 sin xy  cos x  y

	9.25
	x  y  y 	1
x
	9.26
	 x  y  2 y   2 
x 2
	9.27
	y 		2x	y  2x x 2  1

	9.28
	x4  y  x3 y  4
	9.29
	1  x2 y  2xy  12
	9.30
	cthx  y  y  chx



Task 10.	Find the solution of the Cauchy problem of homogeneous linear differential equations with constant coefficients.
	№
	Task
	№
	Task

	10.1
	y  2 y  3y  0,
y0  0, y0  1
	10.2
	y  2 y  3y  0,
y0  1, y0  0

	10.3
	y  6 y  13y  0,
y0  1, y0  1
	10.4
	y  6 y  13y  0,
y0  1, y0  0

	10.5
	y  6 y  10 y  0,
y0  0, y0  1
	10.6
	y  6 y  10 y  0,
y0  1, y0  1

	10.7
	y  9 y  0,
y0  1, y0  2
	10.8
	y  2 y  y  0,
y0  1, y0  1

	10.9
	y  y  0,
y0  0, y0  1
	10.10
	y  6 y  8 y  0,
y0  2, y0  1

	10.11
	y  6 y  8 y  0,
y0  1, y0  2
	10.12
	y  4 y  4 y  0,
y0  1, y0  1

	10.13
	y  4 y  4 y  0,
y0  2, y0  0
	10.14
	y  4 y  5 y  0,
y0  0, y0  1

	10.15
	y  4 y  8 y  0,
y0  0, y0  1
	10.16
	y  4 y  5 y  0,
y0  1, y0  0

	10.17
	y  4 y  8 y  0,
y0  0, y0  1
	10.18
	y  6 y  9 y  0,
y0  1, y0  1

	10.19
	y  y  0, y0  0,
y0  0, y0  2
	10.20
	y  2 y  10 y  0,
y0  0, y0  1

	10.21
	y  2 y  10 y  0,
y0  1, y0  1
	10.22
	y  2 y  8 y  0,
y0  1, y0  2

	10.23
	y  6 y  9 y  0,
y0  2, y0  1
	10.24
	y  10 y  26 y  0,
y0  0, y0  1



	10.25
	y 10 y  26 y  0,
y0  1, y0  0
	10.26
	y  18 y  32  0,
y0  1, y0  2

	10.27
	y  4 y  13 y  0,
y0  1, y0  1
	10.28
	y  10 y  26 y  0,
y0  2, y0  1

	10.29
	y  4 y  5y  0,
y0  1, y0  2
	10.30
	y  6 y  25 y  0,
y0  2, y0  1



Task 11. Find the general solution of the differential equation.
	№
	Task
	№
	Task

	11.1
	y  2 y  8 y  x2  1
	11.2
	y  3y  x  2

	11.3
	y  2 y  y  5ex
	11.4
	y  2 y  8 y  xe4x

	11.5
	y  2 y  8 y  7e4x
	11.6
	y  2 y  8 y  e2x

	11.7
	y  2 y  x2  2
	11.8
	y  2 y  y  ex

	11.9
	y  6 y  5 y  2x2  5
	11.10
	y  6 y  5 y  x2  3

	11.11
	y  6 y  8 y  2xe x
	11.12
	y  6 y  8 y  5e4x

	11.13
	y  6 y  8 y  xe2x
	11.14
	y  y  5cos x

	11.15
	y  y  sin x
	11.16
	y  y  cos x  sin x

	11.17
	y  y  x  x2  x3
	11.18
	y  y  xe x

	11.19
	y  y  1  xe2x
	11.20
	y  y  5  xex

	11.21
	y  4 y  4 y  2e2x
	11.22
	y  4 y  4 y  xex

	11.23
	y  4 y  8 y  1 2xe x
	11.24
	y  4 y  8 y  5  x2

	11.25
	y  y  y  x  2e x
	11.26
	y  5 y  6 y  6x2  2x  5

	11.27
	y 13 y 12  x 1
	11.28
	y  y  5x2 1

	11.29
	y  y  6 y  20x 14e2x
	11.30
	y  2 y  y  2x1 x


Task 12. Solve a system of differential equations by the elimination method.
	№
	Task
	№
	Task
	№
	Task

	12.1
	 y   2 y  3y ,
 1	1	2
 y   2 y  3y
2	1	2
	12.2
	 y    y  2 y ,
 1	1	2
 y2  y1  2 y2
	12.3
	y   3y  2 y ,
 1	1	2
y2  3y1  2 y2

	12.4
	 y   3y  4 y ,
 1	1	2
 y   3y  4 y
2	1	2
	12.5
	 y   4 y  3y ,
 1	1	2
 y2  4 y1  3y2
	12.6
	 y   2 y  y ,
 1	1	2
 y2  2 y1  y2



	12.7
	 y   5y  y ,
 1	1	2
 y2  5y1  y2
	12.8
	y   2 y  4 y ,
 1	1	2
y2  2 y1  4 y2
	12.9
	 y    y  4 y ,
 1	1	2
 y2  y1  4 y2

	12.10
	 y   2 y  5y ,
 1	1	2
 y2  2 y1  5y2
	12.11
	 y   3y  5y ,
 1	1	2
 y2  3y1  5y2
	12.12
	 y    y  5y ,
 1	1	2
 y2  y1  5y2

	12.13
	y   5y  2 y ,
 1	1	2
y2  5y1  2 y2
	12.14
	y   5y  4 y ,
 1	1	2
y2  5y1  4 y2
	12.15
	 y   5y  3y ,
 1	1	2
 y2  5y1  3y2

	12.16
	 y    1 y  7 y ,
 1	2 1	2

 y   1 y  7 y
 2	2 1	2
	12.17
	 y   4 y  5y ,
 1	1	2
 y2  4 y1  5y2
	12.18
	y   2 y  7 y ,
 1	1	2
y2  2 y1  7 y2

	12.19
	 y   4 y  y ,
 1	1	2
 y2  4 y1  y2
	12.20
	 y    y  7 y ,
 1	1	2
 y2  y1  7 y2
	12.21
	 y    y  3 y ,
 1	1	2  2
		3
 y2  y1 	y2
	2

	12.22
	 y    y  5 y ,
 1	1	2	2
		5
 y2  y1 	y2
	2
	12.23
	 y   5 y  1 y ,
 1	1	2  2
		1
 y2  5 y1 	y2
	2
	12.24
	 y   7 y1  y2 ,
 1
 y2  7 y1  y2

	12.25
	y   0,4 y  2 y ,
 1	1	2
y   0,4 y  2 y
2	1	2
	12.26
	 y   0,2 y  y ,
 1	1	2
 y2  0,2 y1  y2
	12.27
	 y   2,1y  y ,
 1	1	2
 y2  2,1y1  y2

	12.28
	y   4,5y  0,5y ,
 1	1	2
y2  4,5y1  0,5y2
	12.29
	y   0,8y  0,2y ,
 1	1	2
y2  0,8y1  0,2y2
	12.30
	 y   3,2 y  y ,
 1	1	2
 y2  3,2 y1  y2



Task 13.	Solve the inhomogeneous differential equation by the method of variation of arbitrary constants.
	№
	Task

	13.1
	y   2 y   2 / cosx, y0  3, y0  0
	
	
	

	13.2
	y  3y  9e3x / 1 e3x , y 0  ln 4, y 0  3 1 ln 2

	13.3
	y  4 y  8ctg 2x, y    5, y    4
 4 	 4 
			
	
	
	

	13.4
	y  6 y  8 y  4 / 1 e2x , y 0  1 2 ln 2, y 0  6 ln 2



	13.5
	y  9 y 18 y  9e3x /1 e3x , y0  0, y0  0

	13.6
	y   2 y   2 / sin x, y1/ 2  1, y1/ 2   2 / 2

	13.7
	y   1	y 	1	, y0  2, y0  0
 2	 2 cosx /  

	13.8
	9e3x
y  3y 		3x , y0  4 ln 4, y0  33ln 4 1 3  e

	13.9
	y  y  4ctgx, y / 2  4, y / 2  4
	  	 

	13.10
	y  6 y  8 y  4 / 2  e2x , y 0  1 3ln 3, y 0  10 ln 3
	  	 

	13.11
	y  6 y  8 y  4e2x / 2  e2x , y 0  0, y 0  0

	13.12
	y  9 y  9 / sin 3x, y / 6  4, y / 6  3 / 2

	13.13
	y  9 y  9 / cos 3x, y0  1, y0  0
	  	 

	13.14
	y  y  ex / 2  ex , y 0  ln 27, y 0  ln 9 1

	13.15
	y  4 y  4ctg 2x, y / 4  3, y / 4  2

	13.16
	y  3y  2 y 	1	, y0  1  8 ln 2, y0  14 ln 2 3  ex
	  	 

	13.17
	y  6 y  8 y  4e2x / 1 e2x , y 0  0, y 0  0

	13.18
	y 16 y  16 / sin 4x, y / 8  3, y / 8  2

	13.19
	y 16 y  16 / cos 4x, y0  3, y0  0
	  	 

	13.20
	y  2 y  4e2x / 1 e2x , y 0  ln 4, y 0  ln 4  2

	13.21
	y  y  1 ctgx / 2, y   2, y   1/ 2
4	4
	  	 

	13.22
	y  3y  2 y  1/ 2  ex , y 0  1 3ln 3, y 0  5ln 3
	  	 

	13.23
	y  3y  2 y  ex / 2  ex , y 0  0, y 0  0

	13.24
	y  4 y  4 / sin 2x, y / 4  2, y / 4  

	13.25
	y  4 y  4 / cos 2x, y0  2, y0  0
	  	 

	13.26
	y  y  ex / 2  ex , y 0  ln 27, y 0  1 ln 9

	13.27
	y  y  2ctgx, y / 2  1, y / 2  2
	  	 

	13.28
	y  3y  2 y  1/ 1 ex , y 0  1 2 ln 2, y 0  3ln 2
	  	 

	13.29
	y  3y  2 y  ex / 1 ex , y 0  0, y 0  0



	13.30
	y  y  1/ sin x,	y    1, y / 2   / 2
 2 
	



Task 14. Find the general solution of the differential equation.
	№
	Task
	№
	Task

	14.1
	y  3y  2 y  1  x 2
	14.2
	y  y  6x 2  3x

	14.3
	y  y  x2  x
	14.4
	y IV  3y  3y  y  2x

	14.5
	y IV  y  5x  22
	14.6
	y IV  2 y  y  2x1  x

	14.7
	y IV  2 y  y  x 2  x  1
	14.8
	yV  y IV  2x  3

	14.9
	3y IV  y  6x  1
	14.10
	y IV  2 y  y  4x 2

	14.11
	y  y  5x 2  1
	14.12
	y IV  4 y  4 y  x  x 2

	14.13
	7 y  y  12x
	14.14
	y  3y  2 y  3x 2  2x

	14.15
	y  y  3x 2  2x  1
	14.16
	y  y  4x 2  3x  2

	14.17
	y IV  3y  3y  y  x  3
	14.18
	y IV  2 y  y  12x 2  6x

	14.19
	y  4 y  32  384 x 2
	14.20
	y IV  2 y  y  2  3x 2

	14.21
	y  y  49  24x 2
	14.22
	y  2 y  3x 2  x  4

	14.23
	y  13 y  12 y  x  1
	14.24
	y IV  y  x

	14.25
	y  y  6x  5
	14.26
	y  3y  2 y  x 2  2x  5

	14.27
	y  5y  6y  x  12
	14.28
	y IV  6 y  9 y  3x  1

	14.29
	y  13 y  12 y  18x 2  39
	14.30
	y IV  y  12x  6




2.3 Solution of an exemplary embodiment
Table 1 - The main types of the 1st order differential equations
	№
	Type of
equation
	Form of the equation
	Solution Method
	Remark

	1
	With separable variables
	а) M1 (x)N1 ( y)dx 
 M 2 (x)N2 ( y)dy  0,
b) y  f (x)g( y)
	а) multiply by	1
M 2 (x)N1 ( y)
b)		dy  f (x)dx g( y)
	

	2
	Linear
	y  p(x)  y  g(x), (*)
	Bernoulli method. Substitution y  u  v, where
1) u  u(x), v  v(x),
2) y  uv  uv.
	а) In solving the equation v  p(x)  v  0,
constant C is considered



	
	
	
	u(x)  e p( x)dx;
Solution	g(x)


v(x)   u(x) dx  C
	equal to 0.

	3
	Bernoulli equation
	y  p(x)  y  g(x)  yn ,
(n  0; n  1)
	а) Bernoulli method.
Substitution y  u  v, as for linear equations (*)
b) Substitution z  y1n reduces to linear equation (2) with respect to the new function z.
	When n  0
we have a linear equation When n  1 the equation is reduced to an equation with separated
variables (1)

	4
	Equation in total differentials
	P(x, y)dx  Q(x.y)dy  0 ,
where P  Q
y	x
	Solution u(x, y)  C, where
x
u(x, y)   P(x, y0 )dx 
x0
y
 Q(x, y)dy
y0
	Check
du  u dx 
x
· u dy 
y
 P(x, y)dx 
· Q(x, y)dy




Task 1. Check whether the function

c2  x2
y 		is the solution of the 2x

differential equation	x  y  x  y  0.
Solution: to perform the task, we need a derivative of this function:


y  


2  x2  	
c




2  1 


   c2x



 1 .

	2x			c
2


2
x






2x2	2

Substitute y	and y into the equation:

c 2  x 2
x 
2x


 x  



c 2	

2x 2


[image: ]   0;2 
1



 c 2 
2xx


x  c 2
2 2x

 x  0 2

	0  0 .

Answer: the specified function is a solution to the given equation.

Task 2. Find the general solution (general integral) of a differential equation.
dy  x3 y 3.
dx
Solution: separate the variables in the equation with separable variables and integrate:

dy  x3 y 3	
dx

dy  x3 y 3dx	,

dy  x3 y3dx

/ : y3 

dy  x3dx y3

dy 	x3dx;


y3

y2
 2

 x4
4

 c; 

1
2 y 2

 x4
4

 c.


Thus,

	1
2 y2

 x4 
4c



is the general integral of the equation.

Task 3. Find the solution of the Cauchy problem y  6 y; y0  5 and construct the corresponding integral curve.
Solution: separate the variables in the equation and integrate:

y  6 y

 dy dx

 6 y

 dy  6 y dx;

dy  6dx;
y

 dy   6dx; ln

y  6x  c;

y  e6xc .

We	use	the	initial	conditions:y


5  e60c ;

5  ec ;

C  ln 3;

y  e6x  eln3;	y  3e6x	is a partial solution satisfying initial conditions.
Solution of the Cauchy problem: y  3e6x .

Task 4. Find a solution of the Cauchy problem: Solution:

y  5 y 2 ,

y0  1 .
5

y  5 y 2 ;

dy  5 y 2 ;
dx

dy  5 y 2dx

is	the	equation	with	separable

variables. Divide by

y 2 : dy
y 2

 5x;

dy  5 
y 2


 dx;

y 		1 5x  c

is the general

solution.	Let us find a particular solution satisfying the initial conditions:

y0  1 ;
5

1 	1	;
5	5  0  c

c  5.

Note. Dividing the equation by y 2 the solution y  0 could be lost. By using
direct substitution  into the initial equation, we make sure that y  0 satisfies this
equation. In addition, y  0 is a special solution, since it is not contained in the general solution.

Task 5. Find a solution of the Cauchy problem: y 4xy  xex2 , y(0)  1:
а) Bernoulli method (substitution y  u  v );
b) the method of variation of arbitrary constants; (the student chooses the solution by himself).
Solution: this equation is a linear inhomogeneous equation.
а) in the Bernoulli method we use the substitution y  u  v	(where u = u(x),
v = v(x) are new unknown functions)  y  uv  uv . Substitute in the original equation:

uv  uv  4xuv  xex2  uv  uv 4xv  xex2 .
Choose a function v such that v 4xv 0 . This is the equation with separable variables.

dv  4xv  0 
dx

dv  4xv 
dx

dv  4xdx  ln v  2x2  v  e2x2 .
v

Given the selected function v, from the original equation we get:

uv  xex2

 ue2x2

 xex2  du
dx

 xex2 

 u   xex2 dx  1 ex2 d x2   1 ex2  C .
2	2
Functions u = u(x) and v = v(x) are found.
y   1 ex2  C   e2x2   1 ex2  Ce2x2

Consequently,		[image: ]	2

		2

is the general solution.

Using the initial condition y(0)  1, we get:  1 e0  Ce0  1  C  3 .
2	2
The solution of the Cauchy problem:	y   1 ex2  3 e2 x2 .
2	2
b) in the method of variation of arbitrary constants: y 4xy  xex2 is linear
inhomogeneous	first	order	equation.	Corresponding	homogeneous	equation:
y  4xy  0 . It is an equation with separable variables.
 dy  4xy  0   dy  4xy   dy  4xdx    dy  4xdx 
dx	dx	y	y
ln y  2x2  ln C  y  Ce2x2 is a general solution of a linear homogeneous equation.
We are looking for a solution to the inhomogeneous equation in the form:
y  C(x)e2x2 ,	where C(x) is an unknown function. Substitute	y  C(x)e2x2 and
y  C(x)e2x2   C(x)  4xe2x2	in the original equation:
C(x)e2x2  C(x)  4xe2x2  4x C(x)e2x2   xex2  C(x)e2x2   xex2 
C(x)  xex2  C(x)   xex2 dx  1 ex2 d x2   1 ex2  C .
2	2
y  C(x)e2x2   1 ex2  C   e2x2   1 ex2  Ce2x2

So,2
2


	[image: ]		[image: ]	is the general solution
	

of the original equation. Using the initial condition y(0)  1, we get:
 1 e0  Ce0  1  C  3 or y   1 ex2  3 e2x2 .
2	2	2	2
1
Task 6. Find the general solution of the Bernoulli equation y  y  xy 2 .


Solution:

1


y  y  xy 2
11


is the Bernoulli equation, where n=1/2. Perform a
1


	
substitution	z  y1n  y	2  y 2 .	y  z 2;	y  2z  z ( see Table 2).	Substitute
this into the original equation:
2z  z  z 2  x  z;	z  1  z  1  x is a linear equation.
2	2
Substitution: z  uv; z  uv  uv;

uv  uv 

1 uv 
2

1 x; v 
2

1 v  0 ;
2

dv 
v

dx  0 ;
2

ln v 

x  0; v  e  2 ;
2x


 x
u  e 2
x	x

 x ; 
2
x

du  e 2
dxx

x

 x ; 2
x	x

du 



[image: ]  e 2 dx; 2

u  



[image: ]  e 2 dx  xe2
2



 2e 2
· 
c.

· x		x	x		 x

So,

z  u  v  e

2   xe 2  2e 2  c   x  ce 2  2 .
	







 x	2

The solution of the Cauchy problem:	y  z 2 , i.е. y   x  ce 2  2  .


	
Task 7.	Find the general integral of the differential equation in total differentials


Solution:

x  y 1dx  e y
· 
xdy  0.

𝑃(𝑥, 𝑦) = 𝑥 + 𝑦 + 1, 𝑄(𝑥, 𝑦) = 𝑒𝑦 + 𝑥, 𝜕𝑄 = 1, 𝜕𝑃 = 1		𝛛𝑄 = 𝛛𝑃	,

𝜕𝑥

𝜕𝑦

𝛛𝑥

𝛛𝑦

therefore,	the	total	differential	condition	for	function	u	is	satisfied:
du  x  y  1dx  e y  1dy .
We find an unknown function u by the formula:

x
u   Px;
x0

y
ydx  Qx0 ; ydy .
y0

We take
x

x0  0,

y0  0 :
y


 x 2


 x	y	x2

u   x  y 1dx   eydy   [image: ]	 xy  x   ey		 xy  x  ey 1

0	0	 2
.

 0	0	2

As du  0,

then

u  C

is the general integral of the differential equation.


General solution:

x 2 

2

xy  x  e y

 1  C.




Table 2 - Higher order differential equations, allowing lowering the order
	№
	Formula of the equation
	Explanations
	Estimated Replacement (manual)

	1
	𝑦(𝑛) = 𝑓(𝑥)
	The derivative of an unknown function is explicitly expressed through a function
depending on x.
	Integrate n times

	2
	𝐹(𝑦, 𝑦, 𝑦) = 0
	There is no independent variable in the equation. 𝑥.
	𝑦(𝑥) = 𝑢(𝑦),
𝑦(𝑥) = 𝑢 (𝑦)𝑢 (𝑦)

	3
	𝐹(𝑥, 𝑦, 𝑦) = 0
	There is no unknown function
y(x) in the equation.
	𝑦(𝑥)= 𝑢(𝑥),
𝑦(𝑥)=𝑢( 𝑥)

	4
	𝐹(𝑥, 𝑦(𝑘), 𝑦(𝑘+1),
… , 𝑦(𝑛+𝑘)) = 0
	The equation has no unknown function and derivatives up to the (k – 1) order.
	𝑦(𝑘)(𝑥) = 𝑢(𝑥),
𝑦(𝑘+1)(𝑥) = 𝑢(𝑥), … ,
𝑦(𝑛+𝑘)(𝑥) = 𝑢(𝑛)(𝑥)


Task 8. Find the general solution of a differential equation y  sin 2x cos 2x.
Solution:
y  sin 2x cos 2x is the second-order equation of the form y  f x . We
lower the order by double integration:
y  sin 2x cos2xdx  1 sin 4xdx   1 cos 4x  C1 ;
2	8
y 	 1 cos 4x  C dx   1  cos 4xdx 	C dx   1 sin 4x  C x  C .


	[image: ]	1 8

	

8 	 1	32	1	2

Answer: y   32 sin 4x  C1 x  C2 is the general solution.1

Task	9.	Find	the	general	solution	of	a	differential	equation
1  x2 y  2xy  0.
Solution:
1  x2 y  2xy  0	is the second order equation with explicitly missing

function y (Table 2). In this case, we apply the replacement:
y  dp  p .
dx

y 

p . Then

The equation has the form: 1 x2 р  2xp  0, 1 x2 dр  2xpdx  0 is the
equation with separable variables. Let's divide both parts by p1  x2 , we get:1


dp 
p

 2xdx , 1  x2

 dp p

d 1  x2 
1  x2	,



ln p

 ln 1  x2

 ln C ,


p  C1

1  x2 .

Since

p   dy ,
dx

then

 dy dx

 С1

1  x 2 

is	the	equation	with	separable

2	2	 1


x3 

variables.1


dy  C 1  x

dx,

y 	C 1  x

dx,

y  C1  x 


  C2
3 

is the

general solution.
Note: in the process of dividing by

p1  x2 


we could lose the solutions

p  0	and  1  x2  0 . The first gives: y  0  y  C,	but this solution is in the
general solution when C1  0 . The second equality 1  x2  0	is impossible for real 𝑥.
Task 10. Find the general solution of a homogeneous linear differential equation with constant coefficients.
а) y 11y 10 y  0;
b) solve the Cauchy problem: 9 y   6 y  y  0, y(0)  1, y(0)  2;
c) y  2 y 10 y  0.
Linear homogeneous differential equation of the second order with constant
coefficients has the form:	y  py  qy  0.
Its characteristic equation: 𝑘2 + 𝑝𝑘 + 𝑞 = 0 , where 𝐷 = 𝑝2 − 4𝑞 is its discriminant. Then the structure of the general solution of a linear homogeneous differential equation with constant coefficients depends on the type of roots of the corresponding characteristic equation (table 3).

Table 3 - The structure of the general solution of a linear homogeneous differential equation with constant coefficients
	D
	Roots	of	the characteristic equation
𝑘2 + 𝑝𝑘 + 𝑞 = 0
	Fundamental system of solutions
	The general solution of a homogeneous linear high order differential equation with constant coefficients
𝑦𝑔.ℎ. = 𝐶1𝑦1 + 𝐶2𝑦2

	D>0
	

−𝑝 − √𝐷
𝑘1 =	2	,
−𝑝 + √𝐷
𝑘2 =	2
	𝑦1 = 𝑒𝑘1𝑥,
𝑦2 = 𝑒𝑘2𝑥
	
𝑦𝑔.ℎ. = 𝐶1𝑒𝑘1𝑥 + 𝐶2𝑒𝑘2𝑥

	D=0
	𝑘1 = 𝑘2 = 𝜇
	𝑦1 = 𝑒𝜇𝑥,
	𝑦𝑔.ℎ. = 𝐶1𝑒𝜇𝑥 + 𝐶2𝑥𝑒𝜇𝑥



	
	−𝑝
𝜇 =
2
	𝑦2 = 𝑥𝑒𝜇𝑥
	

	D<0
	𝑘1,2 =  ± 𝑖

−𝑝	√|𝐷|
𝛼 =	, 𝛽 =
2	2
	𝑦1 = 𝑒𝛼𝑥𝑐𝑜𝑠𝛽𝑥,
𝑦2 = 𝑒𝛼𝑥𝑠𝑖𝑛𝛽𝑥
	𝑦𝑔.ℎ. = 𝐶1𝑒𝛼𝑥𝑐𝑜𝑠𝛽𝑥
+ 𝐶2𝑒𝛼𝑥𝑠𝑖𝑛𝛽𝑥



Solution:

а)
 k1  1


y  11y  10 y  0 	k 2 11k  10  0 is the characteristic equation,


different real roots of the characteristic equation.
k2  10
x	10x
Therefore, the general solution is	yg.h.  C e1	 C e	.1
2

b) 9 y  6 y  y  0, y(0)  1, y(0)  2 

the characteristic equation

9k 2  6k 1  0

has equal roots

k1  k2

  1 ,
3

so the


general solution is


yg.h.

 C1e

1 х
3

1 х
· C2 xe 3 .

To use the second initial condition we differentiate the general solution:

y  

1
3 C1e

1 х
3
· 
C2e

1 х
3

1	1 х
 [image: ] C2 хe 3 . 3

Next, we use the initial conditions:
1  C1e0  C1  0  e0,



  C



 1;



C	 7 .

2   1 C e0  C e0  1 C  0  e0 	1	2	3
3	1	2	3	1	
A particular solution of the Cauchy problem has the form:

yp.s.  e

1 х
3

7	1 х
· [image: ] xe 3 . 3

с) for differential equation	y   2 y 10 y  0	the characteristic equation
k 2  2k  10  0 has complex roots in the form: k1,2  1 3i	   1,   3.
Consequently,	yg.h.  e	C cos3x  C sin 3x is the general solution.
 x
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Task	11.	Find	the	general	solution	of	the	differential	equation
y  2y  2y  6e2 x .
Solution: this is a second-order linear inhomogeneous differential equation
with constant coefficients: y  py  qy  f x,	where the right-hand side has
the form: f x = 𝑒𝑎𝑥[𝑃𝑚(𝑥)𝑐𝑜𝑠𝑏𝑥 + 𝑄𝑛(𝑥)𝑠𝑖𝑛𝑏𝑥].
The structure of the general solution of this equation:	𝑦 = 𝑦𝑔.ℎ. + 𝑦𝑝.𝑖. ,
consists of 𝑦𝑔.ℎ.– the general solution of the corresponding homogeneous equation

and the particular solution 𝑦	= 𝑥𝑟𝑒𝑎𝑥(𝑃̃𝑘(𝑥)𝑐𝑜𝑠𝑏𝑥 + 𝑄̃𝑘(𝑥)𝑠𝑖𝑛𝑏𝑥), where 𝑟 is the number of numbers a + bi among the roots of the characteristic equation,𝑝.𝑖.

𝑘 = 𝑚𝑎𝑥{𝑚, 𝑛}.
Algorithm for finding a general solution.
First	we	find	𝑦𝑔.ℎ. : k 2  2k  2  0 	characteristic	equation	of	the
corresponding homogeneous equation, k1,2 1  i  the roots of this equation,
consequently, 𝑦𝑔.ℎ. = ex C cosx  C sin x.
1	2
Next, we find 𝑦𝑝.𝑖. using the method of indefinite coefficients by the form of
the right-hand side f x of the inhomogeneous equation.
Since	f x  aemx  6e2 x a  6,	m  2 and  m =2	is not the root of the
characteristic equation, then, in accordance to theory, we will look for a particular solution in the form 𝑦𝑝.𝑖. = Ae2 x . To find the unknown coefficient A, we substitute
𝑦𝑝.𝑖. = Ae2 x ,	𝑦	= 2 Ae2 x , 𝑦𝑝.𝑖. = 4 Ae2 x𝑝.𝑖.

into the original equation:

4 Ae 2x

 2  2 Ae 2x
· 
2 Ae 2x

 6e 2x ,

2 Ae 2x

 6e 2x ,

2A  6,	A  3.
Consequently, 𝑦𝑝.𝑖. = 3e2 x , y  еx C cos x  C2 sin x 3e2 x	is the general1


solution.
Answer:

y  e x C1 cos x  C1 sin x  3e 2x .


Task 12. Solve a system of differential equations by the elimination method:
 y1  9 y1  4 y2
 y  9 y  4 y	.
	2	1	2
Solution: let's differentiate with respect to x the first equation from the
system:	y1  9 y1  4 y2 . To eliminate y2	let's summarize the lines in the given
system: y  y  0 	y   y .
1	2	2	1

Consequently, y1  9 y1  4 y1  ;

y1 13y1  0

is linear homogeneous

differential equation with constant coefficients.
k 2 13k  0   k  0;  k  13.
1	2
Then	y  C e0x  С e13x  C  С e13x .1
2
2
1

1
As y   13C e 13x , then we find from the first equation y :1

2	2
4 y  y  9 y	 y  1 13C e13x  9  C  C e13x  9 C  C e13x .

2	1	1

2	4	2

1	2	4	1	2

 y  C  C e13x
	1	1	2
Answer:	 y   9 C  C e13x .
 2	4	1	2
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